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and the integrals from to \iz, it, f n and 2x are always proportional to them. 
The indefinite integrals 
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where v, A, &a, have the values given above. 



THE SUMMATION OF SERIES WHOSE COEFFICIENTS FORM 
AN ARITHMETICAL PROGRESSION OF ANY ORDER. 



Let the series be represented by ax J r bx 2j r cx i -\-dx i -{- . . . whose sum we 
denote by S. Putting x = y-*-(l-\-y), we have 

\l+y/^ \l+yJ ^ \l+y) ^ \l+y) ^ 
Developing each of these fractions by the Binomial Theorem, we have 
S = ay—{a-b)y 2 +(a-2b+c)y 3 —{a-Sb + So-d)y i +(a-4b + 6G-4d+e)y i -.. . 
We see that the coefficients of this series are the successive finite differ- 
ences, which we shall denote by da, J 2 a, A 3 a, . . ., consequently 
S = ay-{- Aa.y 2 -\-A 2 a.y l '-f- /Pa.y* + ... or 



—15— 

As the coefficients form an arithmetical progression, one of these differ- 
ences and all the following will become — 0. 

This method is very useful in finding the sum of a great many series. 

For instance; let 8 = x-\-3x 2 -\-53?-\-7x i -\-§x i -\- ... to infinity. Here a 
= 1, Aa = 2, A 2 a = A*a = . . . = 0. Hence 

g_. 3 in/ ft \ 2 _ XJl+X) 

1— a; U— as/ {l—x) r 
In the series 

8 = a;+4cr; 2 -j-9a; s +16a; 4 + 25a; 6 + ... ad inf., 

we have a = 1, Aa = 3, A 2 a = 2, A 3 a = A*a = . . . = 0. Therefore 

According to this method we can also find the sum of a given number of 
terms. Putting 

S' = ax+bx 2 +cx 3 -{-dx i + . . . +lx n +px n+1 +qx n+i + 

and 8 = ax-{-bx 2 -}-cx s -\-dx i -{- . . . -\-ho n , we have 

8 = 8'— x n (px+qx 2 +rx 3 + . . .) 

but s '= a (i^)+Hi^y+ j Hi^y + -'-> theref ° re 

8 = (a—x(p)-^+(Aa—x n A P )(^- r y+(A 2 a—x n A 2 p)(-^--\ 3 

+ .... 
Ex. 1. In the common geometrical progression, we have 
ar-{-ar 2 -{-ar 3 -\- .... -far"; 
where a = a, Aa = 0; p = a, Ap — 0; hence 

S = (a—ar n )-^—. 
1 — r 

Ex.2. 8 = x+2x^+Sx s +4:X i + ....+nx n . a ■■= 1, Aa= l,p =n 
-f 1, Jp = 1 ; hence 

Ex.3. S=x+4x 2 +9x^+16x i -\- ... + n^x n . a = 1, Aa = 3, A 2 a 
= 2,p = (m+1) 2 , Jp = 2w+3, A^p = 2; therefore 

s = [i_( W+ i)2 X n-] ft +[3 _ (2ri+3K -]/^_\ 2 +(2 _ 2a; „ / ft y 

-L ZC \JL — &/ \JL — Xf 
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_ — x n+1 [n(x— 1)— l] 2 +x(x+l)— x" + 2 
{l—x) s 
Putting — x in place of x, we have 

8 = ax — bx 2 -\-cx 3 — dx 4 -\- .... 

Li+»J Li+^J Li+*J 

Putting x = 1, we have 

a — b + e—d+e—f+ ... ad inf. = \a — \Aa+\A 2 a — T V^ 3 «+ .... 

Thus we find, 1—1+1— 1+1— 1 + 1— 1+ .. .ad inf. = J, 

l_2+3— 4+5— 6 + 7— 8+ ... ad inf. = J, 

l_3_|-5_7+9_ll-fl3 _ ...ad inf. = 0, 

l_4 + 9_16+25— 36+49-... ad inf. = 0. 

The formula ax — bx 2 -{-cx z — (fo 4 + . . . 

is also very useful, sometimes, to change a series into one that converges 
more rapidly. For instance, 

log (l +x) = x-ix 2 + K-i^H- • • • • 

= t+^i 1+ 2Lt+^J + 3Lt+^J + 4Lt+^J + "J - 

tan" 1 * = x— ix 3 +ix 6 — \x>+ . . . = -(a?— ix*+^— is 8 + . . .) 

x fi.gr x 2 ~| ,2.4[~ x 2 ~l 2 2.4.6 » \ 
l +x 2 I "^sLl+^O 3.5Ll+a; 2 J 3.5.7 J 
The above method of the summation of series is by Euler. He pub- 
lished it in his Inst. Calc. Diff. 



Query by E. Hancock, Elgin, III. — If a wheel of 60 teeth work 
in a pinion of 10 leaves, the distance between their centres being .455 in., 
the diameters of the pitch circles will be .78 in., = a, and .13 in., = b, re- 
spectively. Allowing one-half for space between the teeth, each tooth will 
occupy a central angle of 3°, = o. Suppose the teeth to terminate at the 
intersection of two similar epicycloidal curves the diameter of whose gene- 
rating circle is .065,= J6; what must be the addendum to the wheel outside 
of the pitch circle, i. e., what is the length of the teeth, outside of the pitch 
circle? 



